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The Diversity Gain of Transmit Diversity in
Wireless Systems with Rayleigh Fading
Jack H. Winters, Fellow, IEEE

Abstract— In this paper, we study the ability of transmit
diversity to provide diversity benefit to a receiver in a Rayleigh
fading environment. With transmit diversity, multiple antennas
transmit delayed versions of a signal to create frequency-selective
fading at a single antenna at the receiver, which uses equalization to obtain diversity gain against fading. We use Monte
Carlo simulation to study transmit diversity for the case of
independent Rayleigh fading from each transmit antenna to the
receive antenna and maximum likelihood sequence estimation
for equalization at the receiver. Our results show that transmit
transmit antennas provides a diversity gain
diversity with
receive antennas for any number of
within 0.1 dB of that with
antennas. Thus, we can obtain the same diversity benefit at the
remotes and base stations using multiple base-station antennas
only.
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I. INTRODUCTION

T

HE EFFECT of multipath fading in wireless systems can
be reduced by using antenna diversity. In many systems,
though, additional antennas may be expensive or impractical
at the remote or even at the base station. In these cases,
transmit diversity can be used to provide diversity benefit at
a receiver with multiple transmit antennas only. With transmit
diversity, multiple antennas transmit delayed versions of a
signal, creating frequency-selective fading, which is equalized
at the receiver to provide diversity gain.
Previous papers have studied the performance of transmit
diversity with narrowband signals [1]–[5] using linear equalization, decision feedback equalization, maximum likelihood
sequence estimation (MLSE), and spread-spectrum signals
[6]–[8] using a RAKE receiver. Monte Carlo simulation results
[3], [5] showed that, using MLSE with narrowband signals, the
diversity gain with two transmit antennas was similar to that
with two receive antennas using maximal ratio combining.1
However, with three transmit antennas, the diversity gain
was less than that of three-antenna receive diversity at high
bit-error rates (BER’s).
In this paper, we study the diversity gain of transmit
diversity with ideal MLSE and an arbitrary number of antennas
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1 Note that with transmit diversity, we obtain a diversity gain against fading
because of the different fading channels between each transmit and receive
antenna, but do not get the antenna gain of receive diversity, i.e., an -fold
antennas. With multipath
increase in receive signal-to-noise ratio with
fading, this diversity gain is substantially more than the antenna gain.
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and compare the results to receive diversity with maximal ratio combining. We consider binary-phase-shift-keyed (BPSK)
modulation with coherent detection and assume independent
Rayleigh fading between each transmit antenna and the receive
antenna with the delay between the transmitted signals such
that the received signals are uncorrelated. This comparison of
-antenna transmit diversity to receive diversity is shown
to be the same as comparing ideal MLSE to the matched
filter bound with an
-symbol-spaced impulse response.
With a double impulse response, MLSE can achieve the
matched filter bound for all channels [9]. However, with
more than a double impulse response, there exist channels
for which MLSE cannot achieve the matched filter bound
[9]. Using Monte Carlo simulation with Rayleigh fading, we
determine the probability distribution of the Euclidean distance
between MLSE and the matched filter bound and the resulting
degradation in performance. Although this degradation can be
several dB for some channel instances,2 our results show that
large degradation occurs with low probability and, when it
does occur, is usually on channels with good performance.
Therefore, the degradation has little effect on the distribution
of the BER with Rayleigh fading. Specifically, our results
for 2–30 antennas show that transmit diversity can achieve
diversity gains within 0.1 dB of receive diversity. Thus, we
can obtain the same diversity benefit at the remotes and base
stations using multiple base-station antennas only.
In Section II, we describe transmit diversity and cast the
evaluation of performance into a comparison of MLSE to the
matched filter bound. We present results for the distribution
of the Euclidean distance between MLSE and the matched
filter bound in Section III and discuss other issues concerning
transmit diversity in Section IV. A summary and conclusions
are presented in Section V.
II. DESCRIPTION

OF

TRANSMIT DIVERSITY

Fig. 1 shows a block diagram of transmit diversity with
transmit antennas in a wireless system. The digital signal
is transmitted by each antenna with a -s delay between
each antenna. The total transmit power
is equally divided
among all antennas, i.e., the transmit power for each antenna
is given by
(1)
2 By channel instance, we mean a sample from the ensemble of channels
with independent Rayleigh fading. Although the type of channel we are
considering is the Rayleigh fading channel, in the remainder of this paper
we will refer to a specific channel instance as a channel.
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mean and variance
. The sequence input to MLSE
is then
, where denotes convolution.
With MLSE, the BER for a given channel is approximately
given by the probability of minimum distance error events
[10]. This approximation is accurate at least for low BER’s.
Specifically, the BER is given by [10]
Fig. 1. Block diagram of transmit diversity.

BER

We will assume independent flat Rayleigh fading between each
transmit and the receive antenna. Note that the assumption
of independent fading between antennas is the same as that
required for full diversity gain with receive diversity.
The delay between antennas is chosen so that the signals
transmitted by each antenna are uncorrelated, i.e.,

(4)

where the minimum distance over all possible error events is
given by
(5)
denotes the
In (5),
elements) and

norm (sum of the squares of the

(2)
For our analysis, we will assume that the transmitted symbols
are independent and that the transmit and receive filters do not
cause intersymbol interference in the received signal. With
these assumptions, including the flat fading assumption, a
delay of at least one symbol period
is required
for uncorrelated receive signals from each transmit antenna.
We therefore will consider the case of
, since a shorter
delay results in correlation between the transmitted signals,
which reduces the diversity gain of transmit diversity, while
a longer delay increases the complexity of the equalizer at
the receiver without improving the diversity gain. When delay
spread is present in the channel, i.e., without flat fading, a
longer delay is needed for uncorrelated received signals. For
example, with a delay spread of
,
is needed to
achieve uncorrelated signals and the maximum diversity gain
at the receiver. Some results of effect of delay on the diversity
gain of transmit diversity with delay spread are presented in
[2].
At the receiver, white Gaussian noise is added to the
received signal, the received signal is sampled at the symbol
rate, and the transmitted symbols are determined by MLSE.
Here, we consider ideal MLSE, i.e., infinite length MLSE with
perfect channel knowledge.
To simplify the problem, let us consider BPSK modulation
with coherent detection. Thus, the transmitted signal can be
considered as a real binary signal. Our analysis below can
be extended to the case of complex multilevel signals (i.e.,
quadrature amplitude modulation) as well.
With the above assumptions, the transmit diversity system
of Fig. 1 can be modeled as the discrete time system (as in
[9]) shown in Fig. 2, where the input is an independent binary
random sequence
with outcomes 1 equally likely,
and the transmitter and channel impulse response (the system
response) is given by
(3)
,
With independent Rayleigh fading, the ’s,
are independent complex, Gaussian random variables with zero
. The noise
is a sequence
mean and variance
of independent complex Gaussian random variables with zero

(6)
is the th error
denotes an error event of length , where
symbol.
Since there are an infinite number of possible error sequences, to determine the sequence with
, we must use
a search technique that limits the number of error sequences
to be examined. One such technique, using tree pruning, is
described in [11]. That paper considers real binary (as well
as multilevel) signals with real channels rather than complex
channels. Therefore, we modified the program used in [11] for
complex channels. In addition, we eliminated the “half test,”
which assumed a symmetrical impulse response, which we do
not have, in general. Eliminating this test greatly increased
computation time, but even with
, the program took
less than 1 min on a SPARC10 to find the minimum distance
for a given channel.
Now, the matched filter bound for this system is the squared
distance of an isolated single bit-error event. Thus, from (5),
this distance is given by
(7)
Since this is also the output signal power with maximal ratio
combining [12], the performance of the matched filter bound
is the same as receive diversity, except for the reduction in
is due to the fact
gain by . This reduction in gain by
that for receive diversity, there are
independent sources of
noise, whereas with a matched filter, there is only one source
of noise. Thus, for a given channel, the degradation in the
performance of MLSE as compared to receive diversity is3
Degradation

(8)

3 It should be emphasized that (8) is the degradation when the receive and
transmit channels are the same. Thus, (8) is not the degradation that would
be obtained, for a given channel with receive diversity, by replacing receive
diversity with transmit diversity since, in general, the channels would differ.
However, this performance measure is useful to show why the performance
(diversity gain) distribution with transmit diversity is virtually the same as
that with receive diversity when considering all possible channels. Also, note
that this definition of the degradation is consistent with [10, p. 405]. Note that
the degradation is large when the ratio (8) is small, and 10 log fDegradationg
becomes more negative as the degradation increases.
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Fig. 2. Discrete time model of transmit diversity.

Since the channel response is a random variable,
and
the degradation are also random variables. Note that with
flat Rayleigh fading, the probability distribution of
,
(averaged over the fading),
normalized to the mean
is given by [12]
(9)
where
(10)
Below, we examine the distribution of the degradation and
determine its effect by comparing the distribution of
to that of
(9).
III. RESULTS
For
, [9] showed that the MLSE receiver can achieve
the matched filter bound for any flat fading channel. Thus,
transmit diversity with MLSE can have the same diversity gain
as receive diversity. For
, though, [5] stated that there
was some degradation in performance with transmit diversity
as compared to receive diversity. Indeed, [9] showed that for
3, there exist real channels (and therefore complex
channels as well) for which the matched filter bound, and thus
the diversity gain of receive diversity, cannot be achieved.
The degradation for the worst real channel is 2.3, 4.2, 5.7,
and 7.0 dB for
and respectively [10]. Since
we have complex channels, our worst case channels may have
even higher degradation (although none were found). Thus,
the worst case degradation grows with
and can exceed the
diversity gain, especially at high BER’s. However, because
the channel is random, these worst case channels, and those
channels for which MLSE cannot achieve the matched filter
bound, occur with some probability.
To determine the probability distribution of this degradation,
we used Monte Carlo simulation. For given , we generated
10 000 random channels, where each channel consisted of
-spaced impulses with each impulse having an amplitude
that was a randomly generated complex Gaussian number.
For each channel, we used the modified program of [11] to
determine the minimum Euclidean distance over all possible
error sequences and compared this distance to that of the
matched filter bound.
Fig. 3 shows the probability distribution of the minimum
Euclidean distance (squared) as compared to that of the
matched filter bound
. Results are shown for
and . The probability that MLSE cannot
achieve the matched filter bound on a given channel is less than
9% for
. This probability decreases with , such that,

Fig. 3. Probability distribution of the degradation of the diversity gain with
MLSE versus the matched filter bound.

for
in the simulation, MLSE achieved the matched
filter bound in all but one channel out of 10 000.
For
, the worst case degradation is seen to be sharply
limited to 2.2 dB, which is close to the 2.3 degradation for
the worst real channel [9]. For
and , the worst
degradation seen with 10 000 random channels was 3.6 and
5.2 dB, respectively, (2.4 and 2.6 dB, respectively, at a
probability), which is significantly less than the worst possible
degradation for real channels of 4.2 and 7.0 dB, respectively.
As
increases to 10, 20, and 30, the probability of large
degradation is shown to decrease (at least for probabilities
greater than 10 ). At
, only one channel out of
the 10 000 random channels had any degradation, and its
degradation was only 0.1 dB. Thus, as
increases, although
the worst case degradation increases, the probability of worst
case degradation decreases.
Next, consider the effect of this degradation on the average
BER and the distribution of the BER. Because the degradation
has low probability, the effect of the degradation on the average BER is negligible. Thus, in rapidly fading environments,
where the average BER is of interest, transmit diversity can
achieve the full diversity gain of receive diversity. However,
in stationary or slow-fading wireless systems, the effect of the
degradation on the distribution of the BER must be considered.
The effect of the degradation with MLSE on the probability
distribution of the BER depends on the
for each
channel where the degradation occurs. If this degradation
, then the
is large only for channels with large
probability distribution of the BER with MLSE will not be
significantly different from that of the BER with the matched
filter bound. But if channels with large degradation also have
low
, then the degradation could significantly affect
the probability distribution of the BER.
To determine the effect of this degradation on the
performance, we used Monte Carlo simulation, as before,
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Fig. 4. Probability distribution of the normalized d2min with the diversity
gain of transmit diversity and MLSE compared to that of receive diversity.

with 10 000 randomly generated channels and compared the
probability distribution of the minimum Euclidean distance
(squared) of the matched filter bound to that of MLSE. The
same channels were used for both the matched filter bound
and MLSE.
Fig. 4 shows the probability distribution of
and
generated by Monte Carlo simulation, along with
(9). Computer simulation
theoretical results for
results are seen to closely match theoretical results for probabilities down to 10 . For
, simulation results for
MLSE are identical to those for the matched filter bound, while
for
, simulation results for MLSE differ by less than 0.1
dB from those for the matched filter bound. These results show
that the channels for which MLSE cannot achieve the matched
filter bound are generally not the channels with low
.
Thus, the degradation with MLSE does not significantly affect
the probability distribution of the output BER, i.e., transmit
diversity with MLSE has within 0.1 dB of the diversity gain
of receive diversity, even in stationary environments.
IV. OTHER ISSUES
Let us first compare transmit diversity to other techniques
that provide diversity at a receiver using multiple transmit
antennas only. These techniques include switched diversity
with feedback [13] and adaptive retransmission [14]–[17].
With switched diversity with feedback, the transmit antenna
is switched when the receiver indicates, using feedback to
the transmitter, that the received signal has fallen below a
threshold. The advantage of this technique over the transmit
diversity technique described in this paper is that the receiver
and transmitter are much simpler. However, the disadvantage
is that the diversity gain is only that of selection diversity,
rather than maximal ratio or optimum combining. This gain
is further decreased with processing and propagation delay,
which becomes worse with rapid fading. With adaptive retrans-

mission, the multiple-antenna base transmits with the same
antenna pattern as that used for reception. The advantages of
this technique are that the technique is easy to implement and
antenna gain is obtained. However, for the technique to work
properly, either the transmit and receive frequencies must be
within the coherence bandwidth (which is not true in most
wireless systems), or time-division retransmission (different
time slots in the same channel are used for receiving and
transmitting) must be used. With time-division retransmission,
which doubles the data rate in the channel, the time slot must
be short enough so that the fading does not change significantly
over the time slot, and this is not always possible. For example,
in a system with characteristics similar to the North American
digital mobile radio standard IS-54 (24.3 k symbols per s
with an 81-Hz fading rate), adaptive retransmission with time
division is not practical [17].
Transmit diversity also has the advantage that it can be
used to obtain diversity gain at multiple remotes (for pointto-multipoint transmission) with a single transmitted signal.
The other methods can only be used for diversity gain at one
remote.
Transmit diversity is also useful in systems with multiple
transmit and receive antennas. In this case, the total number
of independent fading channels can be
[18], where
and
are the number of transmit and receive antennas,
respectively. Here, transmit diversity can be used with receive
-fold diversity gain with
diversity to achieve a large
only a few antennas at the base and remote.
Also, here we have only considered the diversity gain
against multipath fading, whereas multiple antennas can be
used to suppress interference as well. Indeed, increasing the
diversity beyond two or three usually provides little performance improvement against fading, but substantial improvement against cochannel interference [15]–[17], [19]. Interference suppression with fading mitigation using transmit
diversity will be studied in a future paper.
However, since transmit diversity with
antennas results
sources of interference to other users, the interference
in
environment will be different from conventional systems with
one transmit antenna. Thus, even if transmit diversity has
almost the same performance as receive diversity in noiselimited environments, the performance in interference-limited
environments will differ. Also, in our simulations we have
considered ideal MLSE with perfect channel estimation. In
practice, when increasing the number of antennas, at some
point the degradation due to channel estimation error may
become greater than the increase in diversity gain. Note
also that this channel estimation error may increase with
the number of transmit antennas since the transmit power is
divided among the transmit antennas (1). In addition, if the
channel is dispersive, the diversity gain for the same number of
transmit antennas will increase (with ideal MLSE and perfect
channel estimation), although the required complexity of the
MLSE also increases. Finally, note that for systems with highly
elevated base-station antennas, the required antenna separation
for uncorrelated channels in the downlink is greater with
transmit diversity at the base station than with receive diversity
at the remote.

WINTERS: DIVERSITY GAIN OF TRANSMIT DIVERSITY IN WIRELESS SYSTEMS

V. CONCLUSION
In this paper, we studied the diversity gain of transmit diversity with ideal MLSE and an arbitrary number of antennas.
We considered BPSK modulation with coherent detection and
independent Rayleigh fading between each transmit antenna
and receive antenna, with the delay between the transmitted
signals such that the received signals are uncorrelated. Using
Monte Carlo simulation with Rayleigh fading, we determined
the probability distribution of the performance of MLSE. Our
results for 2–30 antennas show that transmit diversity can
achieve diversity gains within 0.1 dB of receive diversity.
Thus, we can obtain the same diversity benefit at the remotes
and base stations using multiple base-station antennas only.
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